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Full set of autonomous completely solvable differential systems of equations in total differ- 
entials is built by basis of infinitesimal operators, universal invariant, and structure constants 
of admited multiparametric Lie group (abelian and non-abelian) . 
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Problem statement. Consider an autonomous completely solvable system of equations 
in total differentials 

dx = f(x)dt, dx = colon (dx x , dx n ), dt = colon (dt x , dt m ), (1) 

I/-) . on a domain Q, from the phase space W 1 (real M n or complex C n ) and let the ent- 

ries of the (n x m) -matrix f{x) = f° r all x € be holomorphic functions 

cn'. : O ->• K, i = 1, . . . , n, i = 1, . . . , m. 



O 



The linear differential operators of first order 

n 

= 4» ( x ) d 3>i for allie!! ' i = 1, . . . ,m, 



i=l 



^ | are autonomous operators of differentiation by virtue of system (1) [1, p. 20; 6; 7]. 

An operational criterion of completely solvability on the domain $7 of system (1) is rep- 
resented via Poisson brackets as the system of identities [1, pp. 17 - 25; 6] 



[$j(x),$<;(x)] = & for all x G $7, j = 1, . . . , m, C = 1> 



, m. 



Suppose a ^-parameter Lie group of transformation G q , 1 ^ q ^ n, [8-11] has (n — k)- 
cylindrical infinitesimal operators (coordinates of these operators not depends on n — k de- 
pendent variables [1, pp. 106 - 167; 7]) 

n 

= ^2 £ii( k x)dx z forallxefi, 1 = 1,. ..,q, k x = {x Xi . . . , x k ), 1 < k s£ n, (2) 
i=i 

and a basis of absolute invariants 

J: x ->■ (lx(x),. . . , I n - q (x)) for all x € O. (3) 



1 The basic results of this paper have been published in the monograph "Integrals of differential systems", 
Grodno, 2006, 447 p. [1, pp. 152 - 160] and in the journals [2-5]: Differential Equations, Vol. 30, 1994, 
No. 5, 899-901; Vestsi Nats. Akad. Navuk Belarusi, Ser. 2, 1995, No. 2, 46-49; Proceedings of the scientific 
seminars POMI, Vol. 232, 1996, 86-89; Dokl. Akad. Nauk Belarusi, Vol. 50, 2006, No. 3, 15-19. 
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Besides, the Poisson brackets 
q 

[0,(x),0 a (a;)] =Y^ c ls P %( x ) for all x GO, I = 1, . . . , q, s = 1, . . . , q, (4) 
p=i 

where c lsp , 1 = 1, ... ,q, s = 1, . . . , q, p=l, . . . , q, are the structure constants of Lie group G q . 

Assume that the coordinate functions g^, I = 1, . . . , q, i = 1, . . . , n, of the infinitesimal 
operators (2) and the absolute invariants I T , r = 1, . . . , n — q, of the basis (3) are holomor- 
phic on the domain £1. Furthermore, the infinitesimal operators (2) are not holomorphically 
linearly bound [1, p. 11; 6] on the domain 17. 

In this paper, the following inverse problem of group analysis for differential systems is 
considered: to select from the set off all completely solvable differential systems (1) the systems 
that admit a Lie group G q with the infinitesimal operators (2), the universal invariant (3), 
and the structure constants c lsp from the operator identities (4). 

Classes of differential systems that admit an non-abelian Lie group. Suppose 
the completely solvable autonomous system of equations in total differentials (1) admits a Lie 
group G g . Then, the Poisson brackets 

[& l (x),^ j (x)] = D for all x G ft, l = l,...,q, j = l,...,m. (5) 

Lemma. Suppose the linear differential operators of first order (2) are not holomorphically 
linearly bound on the domain £2. Then the following conditions are true: 

i) the complete linear homogeneous system of partial differential equations 

<5 l (x)u = 0, I = 1, . . . ,q, q < n, (6) 

admits (n — q) -parameter abelian Lie group G n _ q ; 

ii) infinitesimal operators of the abelian Lie group G n _ q and the operators & t , 1 = 1, ... ,q, 
are commutative and they are not holomorphically linearly bound on the domain 17. 

Proof (analogous statement for linear homogeneous partial differential equation was proved 
in [9, p. 109]). Since the system (6) is complete [1, p. 38; 6; 12, p. 70], we see that integral 
basis of this system is n — q first integrals [1, p. 50] 

: x — > Fg(x) for all x G 0, £ = 1, . . . , n — q. 

Then, the substitution 

i^ = F ? (x), £ = l,...,n-q, i/ c = $ c (x), ( = n - q + 1, . . . , n, 

where the functions <I>^, ( = n — q + 1, . . . ,n, are first integrals of the complete linear non- 
homogeneous partial differential systems [12, p. 101] 

&l(x) u = 8 l ^_ n+q , I = 1, • • • , q, ( = n — q + 1, . . . ,n, (5 ls is Kronecker symbol), 

reduces the system (6) to the complete linear homogeneous partial differential system 

d u ^u = 0, ( = n-q + l,...,n. 

This system admits the n — q differential operators d v , £ = 1, . . . ,n — q. At the same 

time these operators are not holomorphically linearly bound on the space K. n ~ q and they 
admits (n — (^-parameter abelian Lie group. 

Consequently the system (6) admits (n — q) -parameter abelian Lie group G n _ q . 

The operators <9 , i = 1, . . . ,n, are commutative and these operators are not holomor- 

i 

phically linearly bound on the space K a . In addition, the property of symmetry for Poisson 
brackets and the property of linear bound (or not linear bound) for operators are conserva- 
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tion under transformation. This implies that: infinitesimal operators of the abelian Lie group 
G n _ q and the operators (25 z , I = l,...,q, are commutative; infinitesimal operators of the 

abelian Lie group G n _ q and the operators <5 Z , I = 1, . . . ,q, are not holomorphically linearly 
bound on the domain Q. The lemma is proved. 

Using the operators (2) admitted by the system (1), we can build the (n — £;) -cylindrical 
[7] linear homogeneous system of partial differential equations 

<8 l (x)u = 0, l = l,...,q, q^n. (7) 

By the conditions (4), it follows that the system (7) is complete [1, p. 38; 6] on ft. 
From Lemma it follows that the complete system (7) admits an (n — q) -parameter abelian 
group G n _ q . Let the linear differential operators of first order 

n 

®t(x) = g Ti (x)d Xi for all x € Q, T = q+l,...,n, 

i=i 

be infinitesimal operators of the abelian Lie group G n _ q . 
By Lemma, the Poisson brackets 

[(5 i (x),& T (x)} = D for all x G Q, i = 1, . . . , n, r = q + 1, . . . , n. (8) 

Note also that the linear differential operators <5 i: i = 1, . . . , n, on the domain $7 are not 
holomorphically linearly bound. 

Let the operators 0^, i = 1, . . . , n, be a basis. Then the operators 3j, j = 1, . . . ,m, 
induced by the system (1) have the expansions 

n 

$A X ) = S for a11 z G n ' J = !. ■ ■ ■ » m > ( 9 ) 

i=i 

where ^jj : ^ — > K, j = 1, . . . , m, i = 1, . . . , n, are holomorphic functions. 

Using the expansions (9) and the commutator identities (5) and (8), we obtain necessary 
and sufficient conditions that the completely solvable system (1) admits the Lie group G q : 

n q q 

[<S,0«0,^-0«0] = E ^(z)^(z) + E E c lpi ^ p (x)& t (x) for all x G fi, 

i=l i=l p=l 

' = 1, j = l,...,m. 

Since the commutator identities (5) hold and the operators 0j, z = 1, . . . , n, are basis, 
we have 

<? 

®i^je( x ) + E c ^^>( x ) = for a11 x G ^' Z = 1 >- ■■>'?> i = 1 ; ---, m , 6 1 = 1, • • • , <7, 
P =i 

(10) 

© i ^ v (x) = for all i£fl, / = l,...,g, j = l,...,m, t = q + 1, . . . ,n. 

From this system of identities it follows that the scalar functions if>j T , j = 1, ...,m, 
r = g + 1, . . . , n, are absolute invariants of Lie group G q . Therefore, 

ip jT (x) = tp jT (I(x)) for all x £ Q, j = 1, . . . , m, r = q + 1, . . . , n, 

where the functions (/? - T : W — > K, j = 1, . . . , m, r = q + 1, . . . , n, are holomorphic on the 
domain FU of the space K n ~ q . 

3 
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Taking into account the system of identities (10), we obtain the scalar functions ip-Q, 
j = 1, . . . , m, 9 = 1, . . . , q, are first integrals of the linear non-homogeneous system of partial 
differential equations 

q 

®l( x )^ j e + J2 c lp8i ; jp = > l = 1 ,---,Q, j = l,...,m, = l,...,q. (11) 
p=i 

By the identities (4) and (8), it follows that the system (11) is complete on the domain 
O. Suppose this system has the first integrals 

ipjl : x — > ipji(x) for all x G O, j = 1, . . . , m, I = 1, . . . , q. 

Then, we obtain the representation 

q n 

$j( x ) =J2^jl(. x ) & l( x )+ Yl <Pjr( I (. x ))®A x ) forallxett, j = l,...,m, 

1=1 T=q+1 

and the following statement. 

Theorem 1. The autonomous completely solvable system of equations in total differentials 
(1) admits the q-parameter Lie group G q with (n — k)- cylindrical infinitesimal operators (2), 
the universal invariant (3) ; and the structure constants from the representations (4) if and 
only if this differential system has the form 

m , q n \ 

dx l = Y,(Y,M x ^ii(. kx )+ J2 ( Pjr(r{x))^ i (x)\dt j , i = l,...,n, (12) 

j=l ^ 1=1 T=q+1 ' 

where the holomorphic functions ip^: — > K, j = 1, ...,m, / = l,...,q, are first inte- 
grals of the complete linear non-homogeneous system of partial differential equations (11), 
the holomorphic functions g Ti : £1 — > IK, r = q + 1, . . . , n, i = l,...,n, are the coordi- 
nates of the infinitesimal operators & T , r = q + 1, . . . ,n, of (n — q)-parameter abelian Lie 
group G n _ q admitted by the (n — k) -cylindrical complete linear homogeneous system of par- 
tial differential equations (7), and the holomorphic on the domain W C K n ~ q functions 
ipj T : W — > K, j = 1, . . . , m, t = q + 1, . . . , n, such that the conditions of completely solvabil- 
ity on the domain fl for system (12) hold. 

Classes of differential systems that admit an abelian Lie group. Suppose the 
g-parameter Lie group G q is abelian. Then in the representation (4) the structure constants 

c / sp = > l = 1 > •••'<?, s=l,...,q, p=l,...,q. 

Also, from the system of identities (10) it follows that the functions ip^, j = 1, . . . , m, 
i = 1, . . . ,n, are absolute invariants of the ^-parameter abelian Lie group G q . Therefore, 

i>jii x ) = <Pji(I(x)) for all x GO, j = l,...,m, i = l,...,n, 

where the functions ip^ : W — > IK, j = 1, . . . , m, i = 1, . . . , n, are holomorphic on the domain 
W from the space K n ~ q . 
Then, 

q n 

W = EM/(*))<8,(*)+ £ <P3tV(x))Gt(x) for all x GO, j = l,...,m, 

1=1 r=q+l 

and we have 



4 
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Theorem 2. The autonomous completely solvable system of equations in total differen- 
tials (1) admits the q-parameter abelian Lie group G q with (n — k)- cylindrical infinitesimal 
operators (2) and the universal invariant (3) if and only if this system has the form 

m , q n \ 

dx i = ^(S^V j i{I{x))g li { k x)+ ^ V>jr( I (x))gri(.x)jdt j , i = l,...,H, 
3=1 ^ 1=1 r=q+l ' 

where the holomorphic functions g ri : Q. — >■ K, r = q + 1, . . . , n, i = 1, . . . ,n, are the co- 
ordinates of the infinitesimal operators T , r = q + 1, . . . , n, of (n — q)-parameter abelian 
Lie group G n _ q admitted by the (n — k)- cylindrical complete linear homogeneous system of 
partial differential equations (7), and the holomorphic on the domain W C K n ~ q functions 
(fji : W — > K, j = 1, ... , m, i = 1, . . . , n, such that the conditions of completely solvability 
on the domain f2 for this built differential system hold. 

Example 1. Consider the (/-parameter abelian Lie group of transformations 

x l ^-e a ix l , l = l,...,q, x T — > x T , T = q + l,...,n, q < n, (13) 
with (n — q) -cylindrical infinitesimal operators 

e i (x)=x l d x for all x G W\ l = l,...,q, (14) 
and the basis of absolute invariants 

I : x ->• (x . . . ,x n ) for all x G K n . (15) 
By Theorem 2, we have the following 

Proposition 1. The completely solvable autonomous system of equations in total differen- 
tials (1) admits the q-parameter abelian Lie group of transformations (13) with the infinitesi- 
mal operators (14) and the universal invariant (15) if and only if this system has the form 

m , q n \ 

dx i = J2i^2S il x l (p jl (x q+1 ,...,x n )+ ^ g Ti (x)p jr (x q+1 ,...,x n )jdt j , i = l,...,n, (16) 

3=1 ^ 1=1 r=q+l ' 

where the holomorphic functions g ri : fl — > IK, r = q + 1, . . . , n, i = 1, . . . , n, are £/je coordi- 

n 

nates of the linear differential operators of first order & T (x) = Yl g T j( x ) ®x f or a ^ x £ £1, 

i=i i 

t = q + 1, . . . , n (the set of operators <3 T and (14) is commutative and these operators aren't 
holomorphic linearly bound on the domain VL C W 1 ), and the holomorphic on the domain 
£l n ~ q from the space K n ~ q functions ip^, j = 1, . . . , m, i = 1, . . . , n, such that the condi- 
tions of completely solvability on the domain Q for the system (16) hold. 

The set of the linear differential operators of first order 

(S T (x) = x T d Xr for all x£K n , r = q + l,...,n, 

and the infinitesimal operators (14) is commutative and these operators aren't holomorphic 
linearly bound on the space K n . Then, from Proposition 1, we obtain 

Proposition 2. An system of equations in total differentials 

m 

d%i = ^2 X i i Pji( X q+l^ • • • ' X n) dtj, 1 = 1, . . . ,n, 
3=1 

where (p^, j = 1, . . . ,m, i = 1, . . . ,n, are holomorphic functions on a domain £l n ~ q from 
the space K n ~ q such that the Frobenius conditions hold 

5 
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n 

^ x uf^u{ x q+li • • • i x n) ®x v { x if 'ji( x g+l' ■ • • ) x n)) = 
v=\ 

n 

= J2 x l yfju( x q+i,---, x n)d x ^{x i f lli (x y+1 ,...,x n )) for all x € SI, SlcK n , 

i = l,...,n, j = l,...,m, fj, = l,...,m, 

admits the q-parameter abelian Lie group of transformations (13) with the infinitesimal oper- 
ators (14) and the universal invariant (15). 

Example 2. The one-parameter Lie group of dilatations of space 

x i -> e a x i , i = l,...,n, (17) 

has the infinitesimal operator 

n 

e 1 {x) = ^x i d forallxGK" (18) 

i=l 

and the universal invariant 

I: x ^ ,...,^-) for all x & SI, HcK". (19) 
v x n x n / 

By Theorem 2 (under g = 1, m = 1), we have 

Proposition 3. An autonomous ordinary differential system of the n-th order admits 
the one-parameter Lie group of dilatations (17) with the infinitesimal operator (18) and the 
universal invariant (19) if and only if this system has the form 

— = x iVi{— +2^^i( x )^r{— —J, * = l,...,n, 

where the holomorphic functions g ri : SI — > K, r = 2, ...,n, i = l,...,n, are f/ie coordi- 

n 

nates of the linear differential operators of first order & T (x) = E T i( x ) ®x f or a ^ x £ SI, 

i=i i 

t = 2, . . . , n {the set of operators <3 T and (18) is commutative and these operators aren't holo- 
morphic linearly bound on the domain SI C K n ), and the functions ip i : W — > K, i = 1, . . . , n, 
are holomorphic on the domain W from the space K n_1 . 

The set of the linear differential operators of first order 

& T (x) = x T 8 Xt for all x G K n , r = 2, . . . , n, 

and the infinitesimal operators (18) is commutative and these operators aren't holomorphic 
linearly bound on the space W 1 . Then, from Proposition 3, we have 

Proposition 4. An autonomous ordinary differential system 

dx i (x 1 x n -i\ . 

-rr = x ifi[— ), i = l,. ..,n, 

where the functions (p i : W — > K, i = l,...,n, are holomorphic on the domain W from 
the space K n_1 , admits the one-parameter Lie group of dilatations (17) with the infinitesimal 
operator (18) and the universal invariant (19). 

Example 3. Consider the one-parameter Lie group of rotation of real plane 

u = xcosa — y sin a, v = x sin a + y cos a (20) 

6 
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with the group parameter a € R. This Lie group has the infinitesimal operator 

(S(x,y) = -yd x + xd y for all (x, y) € R 2 (21) 
and the universal invariant 

I: (x, y) -> x 2 + y 2 for all (x, y) G M 2 . (22) 
By Theorem 2 (under g = 1, m = 1, re = 2), we have 

Proposition 5. /In autonomous ordinary differential system of second order admits the 
one-parameter Lie group of rotation of phase plane (20) with the infinitesimal operator (21) 
and the universal invariant (22) if and only if this system has the form 

= -yfAx 2 + y 2 ) + a x (x,y)(p 2 (x 2 + y 2 ), ^ = xy x {x 2 + y 2 ) + a y (x,y)<p 2 (x 2 + y 2 ), 

where the holomorphic functions a x : — > R and a y : Q — >■ R are £/te coordinates of the 
linear differential operator of first order 2l(x,y) = a x (x,y)d x + a y (x,y)d y for all (x,y) € 
(i/te operator 21 is an differential operator such that 21 is commutative with the infinitesimal 
operator (21) and £/iese operators aren't holomorphic linearly bound on the domain Q C K 2 ), 
and sections of functions ip 1 : [0; + oo) — > R and <^ 2 : [0; + oo) — >■ R are holomorphic on a 
set W C [0; + oo). 

The linear differential operator of first order 

2l(x, y) = xd x + yd y for all (x, y) G M 2 

and the infinitesimal operator (21) aren't holomorphic linearly bound on the plane K 2 and 
they are commutative operators. Then, using Proposition 5, we get 

Proposition 6. An autonomous ordinary differential system 

^ = -y¥i(x 2 + y 2 ) + x(p 2 (x 2 + y 2 ), ^ = xip^x 2 + y 2 ) + yp 2 (x 2 + y 2 ), (23) 

where sections of functions ip 1 : [0; + oo) — » R and (p 2 : [0; + oo) — > R are holomorphic on 
W C [0; + oo), admits the one-parameter Lie group of rotation of phase plane (20) with the 
infinitesimal operator (21) and the universal invariant (22). 

Let us remark that a differential equation of the first order that admit the Lie group of 
rotation (20) was considered in [13, p. 149]. This equation is the equation of trajectories for 
the autonomous ordinary differential system (23). 

There exists (Theorem 4.1 in [14, p. 23]) the formal change of variables 

oo oo 

U = x + J2 U k (x,y), v = y + Y^ V k (x,y), (24) 

k=2 k=2 

where U k : R 2 -> R and V k : R 2 -> R are homogeneous polynomials of degrees deg U k (x,y) = 
= deg V k (x, y) = k, k = 2, 3, . . . , such that the differential system 

^ = p fe( u '' u )' % = u+ Y2 Qk( u > v )i ( 25 ) 

k=2 ' k=2 

where P k : R 2 -> R and Q k : R 2 ->• R are homogeneous polynomials of degrees degP fc (n,v) = 
= deg Q k (u, v) = k, A; = 2,3,..., reduces to the system (23) with ^> 1 (0) = 1, </? 2 (0) = 0. 
Therefore, we have 

7 
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Proposition 7. Suppose the autonomous ordinary differential system (25) has an equili- 
brum state with purely imaginary characteristic roots. Then, there exists the formal change 
of dependent variables (24) such that the system (25) reduces to an autonomous differential 
system that admit the one-parameter Lie group of rotation of phase plane. 

The autonomous differential system (23) that admit the one-parameter Lie group of ro- 
tation of phase plane (20) is the normal form [15] of the autonomous differential system (25) 
with an equilibrum state as purely imaginary characteristic roots. 

Example 4. Consider the one-parameter Lie group of Lorentz transformations of real 
plane 

u = x cosh a + y sinha, v = x sinh a + y cosh a (26) 
with the group parameter a£l. This Lie group has the infinitesimal operator 

<S(x,y) = yd x + xd y for all (x, y) G R 2 (27) 
and the universal invariant 

I : (x, y)^y 2 - x 2 for all (x, y) £R 2 . (28) 
By Theorem 2 (under q = 1, m = 1, n = 2), we have 

Proposition 8. An autonomous ordinary differential system of second order admits the 
one-parameter Lie group of Lorentz transformations of phase plane (26) with the infinitesimal 
operator (27) and the universal invariant (28) if and only if this system has the form 



^ = y^iy 2 - x 2 ) + a x (x,y)ip 2 (y 2 - x 2 ), ^ = xip x (y 2 - x 2 ) + a y (x, y) (p 2 (y 2 - x 2 ), 



where the holomorphic functions a x : Q — > R and a y : Q — >■ R are the coordinates of the 
linear differential operator of first order 2l(x,y) = a x (x,y)d x + a y (x,y)d y for all (x,y) £ £1 
(the operator 21 is an differential operator such that 21 is commutative with the infinitesimal 
operator (27) and these operators aren't holomorphic linearly bound on the domain Q, C M 2 ), 
and functions ip 1 : W — > R and (p 2 : W — > R are holomorphic on a set W C R. 

The linear differential operator of first order 

%(x, y) = xd x + yd y for all (x, y) £ R 2 

and the infinitesimal operator (27) aren't holomorphic linearly bound on the plane R 2 and 
they are commutative operators. Then, using Proposition 8, we get 

Proposition 9. An autonomous ordinary differential system 

diX / 9 9 \ / 9 9 \ / 9 9 \ / 9 9 \ 

— =yip 1 (y - x )+xip 2 {y - x ), — = xip^y -x) + yip 2 (y - x ), 

where functions (p 1 : W — > R and tp 2 : W — > R are holomorphic on W C R, admits the 
one-parameter Lie group of Lorentz transformations of phase plane (26) with the infinitesimal 
operator (27) and the universal invariant (28). 

Example 5. Consider the one-parameter Lie group of projective transformations of real 
plane 

n = v = T JL - (29) 

1 — ax 1 — ax 

with the group parameter a£l. This Lie group has the infinitesimal operator 

<8(x,y) = x 2 d x + xyd y for all (x,y) € R 2 (30) 
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and the universal invariant 

I:{x,y)^^ for all (x,y) G {(x,y): y + 0}. (31) 

By Theorem 2 (under q = 1, m = 1, n = 2), we get 

Proposition 10. ^ln autonomous ordinary differential system of second order admits the 
one-parameter Lie group of projective transformations of phase plane (29) with the infinitesi- 
mal operator (30) and the universal invariant (31) if and only if this system has the form 

dx 2 f x \ f x \ dy /x\ fx\ 

Tt =X Hy) +a * {X > y) Hy)> Tt =XV *Ay) +a y {X ' y) ' P Ay)> 

where the holomorphic functions a x : SI — > R and a y : S7 — >■ R are i/ie coordinates of the 
linear differential operator of first order 2t(x,y) = a x (x,y)d x + a y (x,y)d y for all (x,y) £ SI 
(t/ie operator 21 is an differential operator such that 21 is commutative with the infinitesimal 
operator (30) and these operators aren't holomorphic linearly bound on the domain Q C R 2 ), 
and functions ip l : W — > R and <^ 2 : W — > R are holomorphic on a set Weft. 

The linear differential operator of first order 

%{x,y) = xyd x + {x + y 2 )d y for all (x,y) eM 2 

and the infinitesimal operator (30) aren't holomorphic linearly bound on the plane R 2 and 
they are commutative operators. Then, using Proposition 10, we have 

Proposition 11. An autonomous ordinary differential system 

dx 2 fx\ fx\ dy fx\ 2 (x\ 

Tt =X HyJ+^Hy)' Tt =XVV Ay) +{X + V){P Ay)> 

where functions (p ± : W — > R and tp 2 : W — > R are holomorphic on WcI, admits the one- 
parameter Lie group of projective transformations of phase plane (29) with the infinitesimal 
operator (30) and the universal invariant (31). 

Example 6. Consider the one-parameter Lie group of nonhomogeneous stretches of real 
plane 

u = e a x, v = e ka y (32) 

with the group parameter a € R and the coefficient k € R. This Lie group has the infinites- 
imal operator 

G(x, y)=xd x + kyd y for all (x, y) € R 2 (33) 
and the universal invariant 

J:(x,y)-> — for all (x,y) € {(x,y): y + 0}. (34) 

By Theorem 2 (under q = 1, m = 1, n = 2), we obtain 

Proposition 12. An autonomous ordinary differential system of second order admits the 
one-parameter Lie group of nonhomogeneous stretches of phase plane (32) with the infinitesi- 
mal operator (33) and the universal invariant (34) if and only if this system has the form 




where the holomorphic functions a x : SI — > R and a y : S7 —¥ R are £/te coordinates of the 
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linear differential operator of first order 2l(x,y) = a x (x,y)d x + a y (x,y)d y for all (x,y) £ SI 
(the operator 21 is an differential operator such that 21 is commutative with the infinitesimal 
operator (33) and these operators aren't holomorphic linearly bound on the domain £1 C R 2 ), 
and functions ip l : W — > R and ip 2 : W — > R are holomorphic on a set W C R. 

The linear differential operator of first order 

2l(x, y) = kxd x + yd y for all (x, y) € R 2 

and the infinitesimal operator (33) aren't holomorphic linearly bound on the plane R 2 and 
they are commutative operators. Then, using Proposition 12, we obtain 

Proposition 13. An autonomous ordinary differential system 

dx fx k \ , rx k \ dy , (x k \ fx k \ 

where functions (f 1 : W — > R anc? : W — >■ R are holomorphic on W C R, admits the one- 
parameter Lie group of nonhomogeneous stretches of phase plane (32) £/te infinitesimal 
operator (33) and i/te universal invariant (34). 

Example 7. Consider the one-parameter Lie group of Galilean transformations of real plane 

u = x + ay, v = y (35) 
with the group parameter a € R. This Lie group has the infinitesimal operator 

(3(x,y) = yd x for all (x,y) G R 2 (36) 

and the universal invariant 

J: (x,y) -> y for all (x,y) G R 2 . (37) 
By Theorem 2 (under g = l,m=l,n = 2), we have 

Proposition 14. autonomous ordinary differential system of second order admits the 
one-parameter Lie group of Galilean transformations of phase plane (35) with the infinitesimal 
operator (36) and the universal invariant (37) if and only if this system has the form 



dx dy 
— = y(Pi(y) + a x (x,y)<p 2 (y), — = a y (x,y)<p 2 (y), 



where the holomorphic functions a x : SI — > R and a y : Q —■ R are the coordinates of the 
linear differential operator of first order 2l(x,y) = a x (x,y)d x + a y (x, y) d y for all (x,y) £ SI 
(the operator 21 is an differential operator such that 21 is commutative with the infinitesimal 
operator (36) and these operators aren't holomorphic linearly bound on the domain Q C R 2 ), 
and functions (f 1 : W — > R and ip 2 : W — ¥ R are holomorphic on a set W C R. 

The linear differential operator of first order 

2l(x, y) = xd x + yd y for all (x, y) £ R 2 

and the infinitesimal operator (36) aren't holomorphic linearly bound on the plane R 2 and 
they are commutative operators. Then, using Proposition 14, we obtain 

Proposition 15. An autonomous ordinary differential system 

^ = y<Pi(v) +xif 2 (y), ^ = y(p 2 (y), 

where functions (f ± : W — > R and ip 2 : W — >■ R are holomorphic on W C R, admits the one- 
parameter Lie group of Galilean transformations of phase plane (35) with the infinitesimal 
operator (36) and the universal invariant (37). 
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